We show that genuine multipartite entanglement of all multipartite pure states in arbitrary finite dimension can be detected in a device-independent way by employing bipartite Bell inequalities on states that are deterministically generated from the initial state via local operations. This leads to an efficient scheme for large classes of multipartite states that are relevant in quantum computation or condensed-matter physics, including cluster states and the ground state of the Affleck-KennedyLieb-Tasaki (AKLT) model. For cluster states the detection of genuine multipartite entanglement involves only measurements on a constant number of systems with an overhead that scales linear with the system size, while for the AKLT model the overhead is polynomial. In all cases our approach shows robustness against experimental imperfections.
Introduction.-Entanglement is an exclusive feature of quantum physics. As such it is believed to be the key ingredient in various quantum information processing tasks, like e.g. quantum computation, quantum metrology and, to some extent, quantum key distribution. Entanglement is a direct consequence of the fact that quantum states are modeled as operators on the tensor product of the Hilbert spaces for each system. From this mathematical perspective the question of entanglement detection has been solved, most notably by the approach based on entanglement witnesses [1] .
However, from a more physical perspective such a view is not fully satisfactory, as in order to be applied to an experiment it requires to assume a given dimension for the Hilbert space of each system and an exact quantum description of the measurement devices. Yet, it is hard to characterize a measurement device exactly, and moreover a physical system typically has access to more levels and degrees of freedom than one uses to describe its state. Hence neither of the assumptions can be fully verified in practice.
The most radical way to overcome these problems is offered by device-independent methods, which allow one to detect entanglement solely based on the Bell-like correlations of measurement outcomes collected in the experiment. While for the bipartite case many results of fundamental interest have been obtained [2] [3] [4] [5] [6] , less is known for multipartite case. In particular, when it comes to genuine device-independent entanglement, results are only known for a few states [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] . This has to do with the difficulty to obtain multipartite Bell inequalities suited to specific states: typically, the starting point of the analysis is a fixed set of known Bell inequalities rather than the states themselves. In addition, multipartite Bell inequalities such as the Svetlichny inequality are inefficient to test experimentally, as they require an exponentially increasing number of measurement settings.
Here we circumvent these difficulties by introducing a scheme that allows one to detect genuine multipartite entanglement by testing bipartite Bell inequalities on states that are generated deterministically from the initial state via local operations and classical communication(LOCC) (see also [17, 18] for a related approach). By using a covering set of such pairs, we derive a multipartite Bell inequality and show that a sufficiently large violation of the bipartite inequalities allows one to certify genuine multipartite entanglement in a device-independent way. This approach is not restricted to pure states, but has also some built-in robustness against noise and imperfections. We show genuine multipartite entanglement for all entangled pure states with arbitrary (finite) local dimension, and also for all mixed states that are sufficiently close to any such state. What is more, we obtain a scheme that is experimentally efficient for large classes of interesting states, including all (weighted) graph states with constant degree [19] [20] [21] [22] and ground states of 1d spin models such as the AKLT model [23] . That is, only a constant (logarithmically growing) number of parties needs to be measured, and the overhead in terms of measurement settings is only linear (polynomial) in the system size N respectively, as opposed to previous schemes that scale exponentially with N .
Statement of the main results.-Let N ∈ N denote the number of parties, V = {1, ..., N }, E k = {i k , j k } with i k , j k ∈ V be pairs of parties and E = {E 1 , ..., E K } their union. We define a graph G = (V, E) by associating the parties with vertices and the pairs E k with edges. We say that E is a covering set of pairs for the N -partite system if the corresponding graph G is connected.
The main result of this manuscript is the following:
Theorem 1
Let |ψ be a state in the Hilbert space ⊗
If there exists a covering set such that for each pair in it there exist local operations and classical communication such that one can produce an entangled pure state between the two parties in all branches of the LOCC protocol, then one can show genuine multipartite entanglement between all N parties in a device-independent way.
Sketch of the proof:
The idea behind the proof is the following. One constructs a Bell expression by considering the sum of all bipartite Bell expressions for the pairs of parties appearing in the covering set E and all branches of the LOCC protocol (that all result in a pure entangled state of the chosen pair E k ). The bipartite Bell inequalities are chosen to reach the quantum bound β * for each of the states, which is in fact possible due to a recent result [4] . One then shows that the quantum state achieves a value for the multipartite Bell expression which is incom-patible with any biseparable quantum state
of arbitrary local dimensions. Here the sum over g 1 and g 2 cover all possible splittings of the N parties in two groups, ρ g1 are ρ g2 are arbitrary joint quantum states of the parties belonging to the corresponding group, and λ is the hidden variable. For each pair of parties and each component of the biseparable state expansion appearing in Eq. (1) there are two possibilities regarding the expectation value of the bipartite Bell expressions in the multipartite Bell inequality. Either the two parties appearing in the bipartite inequality belong to same group g 1 or g 2 , in which case they may always achieve the maximal value of the Bell expression β * . Or they belong to different groups g 1 and g 2 , in which case they end up in a separable state in each branch of the LOCC protocol and can at most contribute a value corresponding the local bound β L < β * . Since E is a covering set of pairs, for each grouping g 1 |g 2 in the biseparable state expansion of Eq. (1) there will be at least one term in the Bell expression, corresponding to some pair E k , whose value is limited to β L < β * . Hence, the expected value of the overall Bell expression on a biseparable state ρ BS is also strictly smaller than β * . For a detailed proof see the appendix. In fact, in the ideal case, where the observed violation of the constructed Bell expression is maximal β * , we show that it is incompatible with any quantum state (1 − ε BS ) Q + ε BS BS that has a non-zero biseparable weight ε BS , i.e., with any mixture of a genuinely multipartite entangled state and a biseparable state with arbitrarily small nonzero weight. We will also use this property to show the robustness our result later in the paper.
Theorem 2 All genuine entangled pure states fulfill the requirements from Theorem 1.
Sketch of the proof: One can show that almost any measurement brings a genuinely entangled N -partite state |Ψ to d 1 post-measurement (N − 1)-partite genuinely entangled states |Ψ k , where d 1 is the local Hilbert space dimension. This can be iterated until one arrives at a bipartite state. The set of measurements for which it does not work is of measure zero in each step. This guarantees that there are measurements on N − 2 parties such that one obtains an entangled bipartite state in all branches. For a detailed proof see the appendix.
While this works for all pure states, in general the protocol is not efficient. From the proof of Theorem 2 one sees that up to N − 2 parties need to carry out measurements with at least two outcomes each. This gives rise to exponentially many branches in which one needs to test a bipartite Bell inequality. However, there are families of states for which only a limited number of parties are involved in the LOCC protocol for each pair, and thus the protocol is efficient. This is described in more detail in the next section.
The results above are very general. We now illustrate its usefulness with some examples of classes of states for which one can (efficiently) show genuine multipartite entanglement in a device-independent way.
Connected, generalized and weighted graph states.-This family of states plays an important role in quantum information, in particular in the context of quantum error correction, measurement-based quantum computation and quantum networks. It has first been defined for qubits [19] [20] [21] and later been generalized to higher local dimensions [24, 25] . The toric code and its generalizations [26] also belong to this family. For qubits, weighted graph states [22] can be defined by |G = {i,j}∈E U ij |+
⊗N
Here, U ij = diag(1, 1, 1, e iφij ) in the computational basis, |+ is the +1 eigenstate of the Pauli X operator and V and E are sets of vertices and edges as above. If G = (V, E) is connected, then the (weighted) graph state |G is said to be connected. For a discussion of the case of local dimension d > 2 see [24, 25] .
It is easy to see that these states fulfill the requirements from Theorem 1. The set E itself is a covering set of pairs and any pair in it can be isolated via measurements of all qubits in the neighborhood in the computational basis [19] [20] [21] , since the gate U ij commutes with the measurement in the Z basis. The efficiency of the protocol depends on the number of outcomes for the measurements of the qubits in the neighborhood of each pair. The number of neighbors is specified by the degree deg(G) of the graph, and is at most 2 · deg(G). For all measurement outcomes, one obtains a state that is equivalent up to local Pauli corrections to U ij |+ ⊗2 . The covering set can always be chosen to contain at most N pairs. This can be achieved by first choosing one vertex and adding all edges connecting this vertex to the set E . One then continues this step for all neighbors of this vertex, but adds only those edges that connect vertices which were not already connected in the previous round. The size of the neighborhood, i.e., the number of vertices adjacent to a pair, enters exponentially in the total number of operators which need to be measured. This is because one has to take all measurement outcomes into account. For qubit graph states one has to optimize over all possible covering sets and over all local unitary (LU) equivalent states for each pair individually. The concept of local complementation can substantially change the degree of a graph, e.g. for a binary tree graph a sequence of local complementations [20, 21] can change the degree from 3 to N − 1 and vice versa. In particular, as long as the maximal degree of the graph grows at most logarithmically with number of vertices N the protocol is efficient. For constant degree one indeed obtains a linear scaling, as there are only linearly many terms in the Bell inequality, and each has support on a constant number of parties only. This holds e.g. for prominent graphs states defined on square and triangular lattices, which are also universal resources for measurement-based quantum computation [21, 27] .
Affleck-Kennedy-Lieb-Tasaki model.-The AKLT model [23] is a generalization of the one-dimensional (quantum) Heisenberg spin model, with Hamiltonian
2 where S j is the spin-1 operator acting on system j. The model is ex-actly solvable and can be viewed as a prototype of a matrix product state (MPS) [28] (for reviews see [29, 30] ). One can certify genuine multipartite entanglement in the AKLT model in a device-independent way efficiently. The preparation of entangled states of pairs (j, j + 1), as required in Theorem 1, can be achieved by measuring only a small neighborhood of each pair, and for all measurement outcomes one is left with an entangled pair. Using the notation introduced in Fig. 1 , it suffices to measure the neighboring spins of the pair in the basis { 0 , 1 , 2 }, where each outcome occurs with probability one third. For outcomes corresponding to 0 and 1 the chain is decoupled, and for the outcome corresponding to 2 , which corresponds to entanglement swapping at the level of the virtual links, one has shifted the problem of cutting to the next site. One can then repeat the probabilistic cutting. Measuring n sites on each side of the pair results in a success probability of cutting out the pair of p cut ≥ 1−2(
n . The state of the resulting pair depends on the outcome of the measurements, and is always entangled and pure [31] . The success probability goes to one exponentially fast with n. From the results presented below, it follows that n = O(log N ), as such a reduced success probability yields a smaller, non-maximal violation of the bipartite inequality. This corresponds to a polynomial number of measurement settings and hence an efficient scheme to detect genuine entanglement in the AKLT model. See also the appendix. 
Dicke states.-Dicke states [32] are an important class of multipartite entangled states. An Nqubit Dicke state with k excitations is given by
⊗k |0 ⊗N −k , where the sum refers to all permutations of the parties. Entangled states for any pair of parties can be produced deterministically via Pauli Z and X measurements (see the appendix) and thus it follows from Theorem 1 that one can show genuine multipartite entanglement in a deviceindependent way.
Robustness and experimental feasibility.-The robustness to imperfections is crucial for the experimental feasibility of any protocol. We show that our method to reveal genuine multipartite entanglement is robust to noise and study two different situations. From the analysis presented in the appendix it follows that in the presence of a non-maximal violation of the bipartite inequality one can show genuine entanglement only for up to
parties, where β is the observed value of the bipartite inequality. One sees that the robustness is determined by the ratio of the local bound β L and the quantum bound β * . However, one obtains a certain robustness for any entangled pure state. That is, there exists an -ball of non-zero measure around each entangled pure state where we can confirm genuine entanglement with our method. Consider ρ = (1 − )ρ + /d N I, i.e., a mixture of the state with the identity on the whole space of N qudits. In this case the observed value β = (1 − )β * , and we obtain that we have genuine N -party entanglement if ≤ (1 − β L /β * ))/N . When using the tilted CHSH Bell inequality for qubits [33] , the robustness is connected to the amount of entanglement of the produced pairs, as the ratio of β L /β * is smaller for pairs with more entanglement, leading to a better robustness. Finding new Bell inequalities with a better ratio will therefore improve the experimental feasibility.
We now turn to an explicit example and consider the impact of local depolarizing noise (LDN) acting on each qubit of a cluster state. LDN can be viewed as a worst case local noise model [34] . It is parametrized by p ∈ [0, 1], where p = 1 corresponds to no noise and p = 0 to complete depolarization and is described by a map E(p)ρ = pρ + (1 − p)/4 j σ j ρσ j . We choose 1D and 2D cluster states for testing the robustness and assume an infinite system size (or periodic boundary conditions). In Fig. 2 we plot the number of parties M for which one can show genuine multipartite entanglement as a function of the noise 1 − p. We choose a covering set which only contains nearest neighbor pairs. For cluster states it is possible to establish maximally entangled states between any pairs and hence we employ the CHSH inequality [35] as the bipartite Bell inequality, which has β * = 2 √ 2 and
The plots suggest a polynomial relation between p and M .
In addition, we investigate a setup where 1D cluster states are generated via imperfect gates. Imperfect operations are modeled by LDN acting before the perfect operations. We use two different parameters p 1 and p 2 characterizing noise the of single-and two-qubit operations (for more details see the appendix). The maximal number of parties for which genuine multipartite entanglement can be shown is plotted in Fig. 3 as a function of p 1 and p 2 .
Conclusion and outlook.-In this work we have introduced a scheme to detect genuine multipartite entanglement in a device-independent way based on bipartite Bell tests of entangled pairs that are deterministically generated from the initial state via LOCC. This allows not only for the detection of genuine entanglement of all pure states, but it is also applicable to mixed states with a sufficiently small amount of noise. The robustness of the scheme is directly related to the ratios of the local bound and the quantum violation of bipartite Bell inequalities, and any improvement on such inequalities directly leads to a larger set of states whose genuine entanglement can be certified device independently using our approach. While in general the scheme is not efficient, for important classes of states including the AKLT model and the 2D cluster state (which is a universal resource for measurement-based quantum computation), we have shown that our certification scheme is efficient and hence directly experimentally applicable.
We finally remark that a similar approach can be employed to reveal genuine non-locality for large classes of states [36] , where in this case the criterion is more stringent as maximally entangled qubit pairs on a covering set need to be generated deterministically. Still, many multipartite states including the toric code, the ground state of the AKLT model or all connected graph states, can be shown to be genuine non-local.
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APPENDIX PROOF OF THEOREM 1
We now construct the Bell expression. By the premise of the theorem, for each pair E k = (i k , j k ) in the covering set E there exists a LOCC protocol, such that each branch results in a pure entangled state Ψ(µ (k) ) shared by the parties i k and j k , where µ (k) describes the branch of the LOCC protocol, i.e., it contains the ordered sequence of all the inputs (specifying the local operations) and outputs (labeling the obtained outcomes) of all the parties that lead to the state Ψ(µ (k) ) . Note that we can always tailor the LOCC protocol such that all possible branches µ (k) occur (if a protocol eventually contains an operation with an outcome which never occurs for our input state one can simply merge this outcome with another one without altering the action of the protocol on that state). For any entangled bipartite state Ψ(µ (k) ) there exists a tailored Bell inequality which it is maximally violated by this state. In the two qubit states it is enough to consider the tilted-CHSH family of Bell inequalities [33] for this purpose, and the general case has been recently shown in [4] . Let us denote the coefficients of this Bell test by B y|b |µ (k) , where y are the outputs and b the inputs of the measurements performed by the remaining parties i k and j k on the resulting state. In addition, we can always rescale the coefficients of the Bell expression such that the its maximal quantum value, attained by the state Ψ(x (k) a (k) ) for the correct measurement, is given by some predefined constant β * , while the local bound β L < β * remains strictly smaller. We now define the following Bell test
and consider its expected value for our initial state. The Bell test consists of ascribing the value B y|b |µ (k) to the event where the LOCC protocol resulted in the branch µ k and the subsequent measurements of the parties i k and j k with setting b resulted in outcomes y. The expected value of this Bell test on our state is hence given by value B k = β * , since this is the expected value for each branch.
Next consider the global Bell test which consists of the sum of B k defined above for all pairs (i k , j k ) appearing in the covering
Its expectation value on the initial state is simply given by B = β * K, the expected value β * of each B k times the number of pairs K in the covering set E. This is still the maximal possible quantum value for the test, as it can not be improved for none of the pairs E k and none of the branches µ (k) . We now show that this value cannot be achieved by a bi-separable quantum state
Since E corresponds to a connected graph for any term g 1 |g 2 in the model (5) there is at least one pair E k such that i k and j k are in different groups. By definition of LOCC, these parties i k and j k starting in different groups remain in a separable state in each branch of the protocol
Hence the expectation value of the B E k is bounded by some local bound β L < β * which depends on the particular form of the inequality but is anyway strictly smaller than the quantum value attained by the target state. It follows for that the expected value of the global Bell test for a biseparable state
Hence, observing the value Kβ * , or equivalently, reaching the maximal quantum value in each branch of the LOCC protocol for all pairs in the cover E rules out a biseparable model. Therefore one can conclude that the statistics are only compatible with a non-separable model. This shows genuine multipartite entanglement in a device-independent way, since there are no assumptions on the underlying system except that it obeys the laws of quantum mechanics.
PROOF OF THEOREM 2
Consider an entangled N-partite pure state |Ψ . Let d be the dimension of the first-party Hilbert space supporting |Ψ . We will now show that theres exists a measurement basis for the first party, for which the post-measured state of the remaining N − 1 parties is fully entangled for each outcome, i.e., all post-measurement states are entangled, or non-product, in each possible bipartition. By repeating the argument it is then possible to find measurements for all N −2 parties such that the final 2-partite state is entangled in all branches of possible measurement outcomes.
The Schmidt decomposition of the state |Ψ in the splitting (first party)-(the remaining N − 1 parties)
with k| = R k |R = δ k, . Let us choose the splitting of the remaining N − 1 parties in two groups G 1 |G 2 . Importantly, there are only finitely many of such splittings, and for showing entanglement of the post-measurement state it is sufficient to show that the state is not product in any splitting. Consider the projection of the first system onto the state
which yields the post-measurement state
Note that for any such state the probability to get an outcome is nonzero k |ξ k a k | 2 = 0. We are interested in the set of states
for which the post-measurement state |Ψ ξ is product in the G 1 |G 2 splitting. In particular, we will show that it is a set of measure zero within the d-dimensional Hilbert space of the first party H d . To show this let us take a set of d linearly independent states {|ζ k ∈ Ξ} d k=1 and denote the corresponding postmeasurement states
If such a set does not exist, then all the states in Ξ belong to a (d − 1)-dimensional subspace of H d at most and the proof is complete. As the states |ζ k are linearly independent they define a basis for H d (not necessarily orthonormal) , which can be used to uniquely express any state
with the normalization constraint
where the gram matrix G k = ζ |ζ k is invertible due to the linear independence of {|ζ k ∈ Ξ} d k=1 . The postmeasurement state reads
Hence, in terms of the new parameterization y we want to show that among all the vectors y normalized as
, the subset satisfying
is of measure zero. In fact, the normalization of the state |Ψ y as well as a global phase factor is irrelevant for the proportionality condition above, neither are they important for the question of the measure of the set of states satisfying Eq. (17) (we can equivalently look at the cartesian product of normalized quantum states and nonzero complex number (z, |Ψ ) z |Ψ ). Hence, we have to show that the set of complex vectors y ∈ C d satisfying
is of measure zero within C d . In addition we know that span{|Ω
as otherwise there is no possibility for the state |Ψ to be entangled. Furthermore,
In the case d = 2, there are just two states |Ω 1 |Λ 1 and |Ω 2 |Λ 2 , which moreover are pairwise linearly independent Ω 1 |Ω 2 = 1 and Λ 1 |Λ 2 = 1. It follows that any state
To see this we use the following observation: Proposition 1. Given four states |a 1 , |a 2 ∈ H Ω and |b 1 , |b 2 ∈ H Λ , and a product state |Ψ ∈ H Ω ⊗ H Λ , the following always holds
Proof. For any product state |Ψ = |Ω |Λ one has
which proves the proposition.
and |Λ 2 = γ |Λ 1 + δ Λ ⊥ 1 , and using this observation for the states
we get that a product state |Ψ y must satisfy (y 1 + y 2 αγ)(y 2 βδ) = (y 2 αδ)(y 2 βγ) ⇔
where β and δ are nonzero by Ω 1 |Ω 2 = 1 and Λ 1 |Λ 2 = 1. Hence, there are only the two states with either y 1 = 0 or y 2 = 0 that lead to a product post-measurement state.
General case d > 2
We will proceed by recursion. First, let us rearrange the components
in such a way that
From linear independence we get that Ω 1 , Λ 1 |Ω 2 , Λ 2 = 1, hence either Ω 1 |Ω 2 = 1, or Λ 1 |Λ 2 = 1 or both. If both inequalities hold there is nothing to rearrange. Otherwise, say Ω 1 |Ω 2 = 1 but |Λ 1 = |Λ 2 , consider the next components |Ω k , Λ k for k ≥ 2. As dim(span{|Λ k } ≥ 2 there has to be at least one state |Ω , Λ with Λ 1 |Λ = 1. But in addition, either Ω 1 |Ω or Ω 2 |Ω has to be not equal to one as |Ω 1 and |Ω 2 are different states. Hence, either the pair (|Ω 1 , Λ 1 , |Ω , Λ ) or (|Ω 2 , Λ 2 , |Ω , Λ ) satisfy (25) . Next we show the following.
k=1 such that the condition
(for some |Ω x , Λ x ) is fulfilled by vectors x that form a set of measure zero inside
(for some |Ω y , Λ y ) is fulfilled by vectors y forming a set of measure zero inside C d .
Proof. To show this, first consider the sum of the first (d − 1) terms. It can be written in the Schmidt form
with nonzero coefficients b and some integer r ≥ 1. We know that r = 1 is anyway only possible for a measure zero set of y (from the d − 1 case), hence we can ignore this case. For r ≥ 2, from the Prop. 1 with |a i = |O i and |b i = |L i to be product the superposition
for each pair of i and j. This condition yields an equality constraint on the last element y d . Note also that the constraint is unchanged if y is multiplies by a constant y = αx (as for the normalization or the global phase factor)
The set of vectors y fulfilling the desired condition (30) , that we just derived, is of measure zero, since its last component y d is required to have a fixed value.
Given our linearly independent states
fulfilling Eq. (25), we have that
• From the result of the d = 2 case the set of y ∈ Ξ 2 ⊂ C 2 for which
is proportional to a product state is of measure zero.
• By using the Proposition 2 recursively we get that all sets
is proportional to a product state is also of measure zero. This is precisely what we aimed to show.
Implication for von Neumann measurements
Consider an orthonormal basis {|ψ k } 
As Ξ is of measure zero on the set of states, Ξ d [|ψ k ] is of measure zero on the set of bases for each k. Hence, a finite union of such sets
is also of measure zero, i.e., B E is of full measure.
So far we considered the entanglement of the postmeasurement state for a particular splitting G 1 |G 2 of the remaining N − 1 parties, i.e., B E consists of all measurements for which the post-measurement states are entangled in the G 1 |G 2 splitting. But we need the state to be genuinely entangled, in other words entangled with respect to all possible splittings G 1 |G 2 . The set of bases which satisfies this can be constructed from B by subtracting all bases for which at least one post-measurement state is product in at least one splitting, formally
Again we only subtracted a finite union of sets of measure zero from B, therefore B GM E is a set of full measure. So not only there exists a measurement of the first party for which all post-measurement states are genuinely entangled, but almost all measurements (except a measure zero subset) are like that.
From N to 2 parties
We have shown that almost any measurement brings the genuinely entangled N -partite state |Ψ to d 1 postmeasurement (N − 1)-partite genuinely entangled states |Ψ k . This procedure can be continued by measuring the next subsystem of dimension d 2 , again almost any basis (in fact we do not even need to make it depend on k) yields d 1 d 2 genuinely entangled (N − 2)-partite states. Finally, there exist local measurements for N − 2 parties yielding d 1 d 2 . . . d N −2 genuinely entangled bipartite states on the remaining two parties. In fact, almost any choice of local measurements satisfies this, as again the construction of such a set corresponds to subtracting finitely many measure-zero states from the set of all possible local measurements. This means that there exist fixed local measurements which yield entangled bipartite states for any choice of the two parties.
GENERALIZED GRAPH STATES
Graph states were generalized to dimensions d > 2 [24, 25] . The generalized graph state of N qudits can then be defined as
Here, C ij is a controlled operation defined by C ij |k i |l j = ω kl |k i |l j with ω = e 2πi/p . {|k } k∈{0,...,p−1} denotes the computational basis of C p and |+ = 1 √ p p−1 k=0 |k . Each edge {i, j} has a weight w ij ∈ F p , where F p is a finite field of order p. Similar to the qubit case one can cut out a pair of (connected) qudits by measuring the neighborhood in the computational basis [24, 25] .
MORE DETAILS ON THE AKLT MODEL
As discussed in the main text, one can probabilistically cut the chain by measuring a site in the basis { 0 , 1 , 2 }, where one identifies the physical threelevel system with the virtual correlation space via 0 = |00 , 1 = |11 , 2 = |ψ + . For the cases where one projects on 0 and 1 the chain gets decoupled, whereas for the 2 case one performs entanglement swapping on the virtual |ψ − states shared between neighboring sites. In this case one creates a virtual pair in the state |ψ + between the sites i − 1 and i + 1 and the (measured) site i is removed from the chain. Thus one ends up in a situation similar to the original one, up to a Pauli Z correction in the virtual space. One proceeds by measuring site i + 1 in the basis { 0 , 1 , 2 }. Again, if one obtains 0 and 1 the chain gets decoupled, otherwise one creates a |ψ − state shared between sites i − 1 and i + 2. This procedure is iterated until the chain is finally decoupled. In each step, the probability to decouple is given by two third. Hence, measuring a region of n sites adjacent to each side of the pair which one would like decouple, leads to a success probability of p cut = 1−2 1 3 n , which approaches unity exponentially fast in n.
There are eight different possibilities for the final state of the pair on which the Bell inequality will be tested.
These are
# |1 A |0 B |j B up to normalization with i, j ∈ {0, 1} and # referring to the number of cases where one projected on 2 . P triplet,A denotes the projector on the triplet space on site A and similarly for B. In each case the state is pure and entangled and thus there exists a Bell inequality for which it achieves the quantum bound [33] .
The total number of branches which enter the global Bell inequality is 3 2n . However, since the probability for cutting the chain approaches one exponentially fast, it is sufficient to choose n logarithmically small in the system size N . Choosing n = 2log 3 N leads to a success probability of p suc = 1 − 2 N 2 . We now assume that in the successful cases we obtain the quantum value β * and in the other cases the worst case scenario is to obtain −β * . Then the observed value β will be β = β * (1 − 4 N 2 ). Using the results from the next section and assuming the worst case value of β * and β L (worst in the sense discussed below), one finds that genuine multipartite entanglement can be shown for up to
Hence genuine multipartite entanglement among all parties can be shown in the large N limit. This is because the right hand side of eq. (37) can be made larger than the number of parties N for sufficiently large N (since β L < β * ). For fixed, small N one has to choose n suitably. The total number of branches is given by 3 2n = 3 2log 3 N = N 2 , and thus the protocol is efficient in the system size. There is some freedom in the choice of n, e.g. choosing n = (1 + )log 3 N with > 0 is also possible and leads to a total number of branches for each pair of N 1+ .
MORE DETAILS ON DICKE STATES
We start with the N -qubit Dicke state with
and observe that 
±|0
⊗N −1 , depending on the measurement outcome. A similar result is obtained for the case of a N -qubit Dicke state with N − 1 excitations. Now the LOCC protocol for producing an entangled state for any pair of parties, starting from a N -qubit Dicke with k excitations is the following. One performs Z measurements until one has a M -qubit Dicke state with either one or M − 1 excitations, and then switches to X measurements. One then obtains a bipartite state of the form χ = a(|01 + |10 ) + √ 1 − 2a 2 |00 (or χ = a(|01 + |10 ) + √ 1 − 2a 2 |11 ) with a = 0, which is entangled.
Note that there are exponentially (in the system size) many branches in this LOCC protocol, as it involves measurements on N − 2 parties. Hence it is not efficient, in contrast to the other examples discussed in this work.
IMPACT OF NON-MAXIMAL BELL VIOLATIONS
Here we discuss the impact of non-maximal violations of the bipartite Bell inequalities, which could occur due to noise. We assume that the observed value of the Bell inequality for each pair β satisfies β L < β < β * . This can be achieved in a general setting by rescaling all bipartite Bell inequalities such that they all have the same value β * . The largest value of all β L also provides a local bound for all other bipartite Bell inequalities, and similarly the smallest value of all β can be used. Hence the results below can be applied in general.
Approach 1
For a single pair define p as the probability that the two parties belong to the same group. Then the maximal observed value β compatible with this assumption is β ≤ pβ * + (1 − p)β L , hence we get a bound on the probability
Let us now look at a multipartite scenario and assume that n parties appear in the same group with probability p n , as shown in Fig. 4b . And the last pair (with the n-th party and a new one) belongs to the same group with probability p. One has that the last parties can be together in two disjoint ways: either all the n + 1 parties are together (probability p n+1 ), or the last two are together but the first n are not together (probability p ), hence
However, we also have that p ≤ 1 − p n , implying
From this we easily obtain
As long as the probability for the p n+1 is positive the observed correlations necessarily contain a fully nonseparable term. Hence, a violation β = β * f for each pair in a chain/cover (where f is some kind of fidelity) is sufficient to prove genuine M -entanglement for up to
For a state where one can create a Bell state for each pair in the cover (e.g. graph states), one can use the CHSH inequality with β L = 2 and β * = 2 √ 2. The equation above then becomes
FIG. 4. (a) Illustration of a covering set (blue ellipses). (b)
Illustration for the section on the impact of non-maximal Bell violations.
Approach 2
Alternatively one can derive the impact of nonmaximal violations of the bipartite Bell inequalities from eq. (7). We assume that there are N − 1 pairs in the covering set E, and that one obtains a value of β for the Bell operator for each of them. A biseparable model can at most reach a value of (N − 2)β * + β L , whereas the observed quantum value is (N − 1)β. This shows that for sufficiently large β the observed value is incompatible with a biseparable model, and hence shows genuine N -partite entanglement. A straightforward calculation gives
which is up the term +1 identical to eq. (44). When β is too small to show the incompatibility with a biseparable model, one might still be able to show the incompatibility with an n-separable model. Such a model can at most reach a value of (N − n)β * + (n − 1)β L , which for sufficiently large β cannot explain the observed value (N − 1)β. For the number of genuinely entangled parties M = N n one then obtains
which reproduces eq. (44) in the limit N → ∞.
PREPARATION OF CLUSTER STATES WITH NOISY GATES
We simulate the generation of cluster states using noisy operations in the following way. The imperfect initialization of qubits is modeled by perfect initialization followed by LDN parametrized by p 1 . Noisy single-and two-qubit gates are modeled by LDN parametrized by p 1 and p 2 , followed by the ideal gates. Finally an imperfect singlequbit measurement is described by LDN parametrized by p 1 followed by the perfect measurement.
